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Abstract

CLARIONG latest implementation, CLARION-H,
uses Hebbian learning to build all its connection
matrices in the NACS. In this technical report, we
present a brief overview of the implementation, along
with two theorems and two lemmas that present
useful properties of Hebbian learning.

This technical report is a description of CLARION-HG@ Non-Action-Centered-
Subsgystem in a matrix algebra form. The first subsection describes the connection
matrices, the information flow, and the decison. The last subsection lists some
mathematical propeties of thelearning algorithm.

CLARION-H® Non-ActionCentered Subs/stem

The gened architecture of the modd is shown in Figure 1. As can be seen, the
top level of theNon-Action-Centered Subs/stem (NACS) encodes the explicit knowledge
usng a linear two-layer connectionist network (similar to the previousimplementations
of CLARION; see Sun, 2003) However, implicit knowedgein the botom level of the
NACS is modded by an attractor neural nework (Andeasonet a., 1977;Hopfield, 1982;
this implementation is different from the previoug. Hence, al the assodations are
symmetric and learned usng Hebbian learning. The activation resulting from the
integration of the outputs of explicit and implicit processing follows a Boltzmann
distribution.
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Figure 1. General architecture of CLARION-H® NACS. The letters refer to the

connection matrices.

With regard to the NACS, the environment activates the modd in one of three
ways. 1) top level only, 2) bottom level only or, 3) both top and bottom levels. The
geneaa case hgppenswhen a perceptud stimulusis presented and there is enoughtime to
retrieve the knowledge associated with the stimulus in both levels: both levels are
activated. However, when a perceptud stimulusis presented to themodd and the explicit
knowledge assodated with the stimulus cannotberetrieved (e.g., it is nonexistent, there
is inaufficient time, etc.), only the bottom level is activated. Lastly, it is theoretically
possible tha mogly the top level is activated when the stimulus is highly abdract and
explicit (althoughsomewhat unlikely in everyday situaions.

Regardless of input many top-level representations are redundantly encoded in
the bottom level. Hence, if only the top-level representation is activated, a top-down
sgnd is sent to activate the correspondng representation in the botom level
(implicitation). Likewise, stimuli that uniqudy activate the bottom level send a bottom-
up signd to activate the top level (explicitation). Hence, a stimulusis often processed



both in the top and bottom levels. The following equaions formalize the above

discussion.

In the top level, explicit knowedge is locdlistically represented usng binary
vectors x; = {0, 1}", y; = {0, 1}", and ||| = ||| = 1 (in Figure 1, x; and y; are vectors
describing the activation in theleft and right layers of thetop level respectively), and ||! ||
isthe Eudidean nom'. These layers are connested usng thematrix V, which was trained
to encodetheexplicit assodationsusng standad Hebbian learning (Kohonen, 1972):

v="yx/ (1)

wheare X ={x1, X2, E X} andY ={y1, o, E y;} arethesetscontainingthestimuli (k! »
and k! m), V = [v;] is the Hebbian matrix containing the assodations and X; is
assodated to y;. The use of Hebbian learning to encode the assodationsensures that v; =
1if x; isassodated to y; and zero otherwise (Kohonen, 1972) Using this matrix, the top-
level assodations can be exactly retrieved usng the following linear tranamission rules
(see Theorem 1 and Lemma 2 bd ow):

yi =(VN,)x, (2)
X =(VIN, )y, (3)
where N; and N, are defined as.
W[* o A — 0
o S B - I P
0 : 0 I

whereV ={vy, o, E, v,} isthematrix containingthe assodations(same asin Eqg. 1).

! Mathematically, these constraints ensure that the patterns of activation in each layer are forming
orthonormal bases. This is necessary for the application of al the theorems presented in the following

section.



The N; and N, matrices are used to nomalize the activation so tha a node3
activation cannot be highe than one To do tha, the nunmber of assodates of each node
mug be determined, and used to divide the summed activation (the dot produd). This
number can be obtained by couning the number of non-zero elements in each row or in
each column of theV matrix. Because theV matrix is binary, this can be computed using
the squaed nom. As a result, if propottion p of yjé assodates are activated in x;, the
activationof y; isp.

In CLARION-H@ NACS, the bottom level has been implemented usng NDRAM
(Chartier & Boukadoum 2006; Chatier & Proulx, 2005) Each top-level assodation is
redundantly encoded usng a randomvector z; = ty; + ty, wherety; ={-1, 1}°U {0} “isa
vector representing the first s units of the botom-level, which are connected to the top-
level @ |€eft layer usng matrix E, while ty = {0}*U{-1, 1}"* is a vector representing the
remaining » Bs units, which are connected to therightlayer in thetop level uang matrix
F (see Figure 1).

The E and F matrices are trained to encode the assodations beween the top and

bottom level representationsusng the same Hebbian rule as V:

tX; (5)

F="t,y' (6)

J
where Ty = {tu, tip, E, ty} and To = {tx, tm, E, ty} are the sets containing the
distributed representations Hence, if a stimulusis presented to the left layer of the top
level (by Theorem 1 bdow):

z, = Ex, +residual

7
=t,, +residual 0
where z; is the bottom-level activation and residual is the find state of the bottom level
at the end of the previousiteration of processing. If a stimulus activated theright layer in
thetop level (by Theorem 1 bdow):



z,=Fy, +residual
=t,, + residual

(8)

The distributed representation of the stimulus (z) is trangmitted in the botom
level usngthefollowing nonlinear tranamission rule (Chartier & Proulx, 2005)

z.q=f(Wz,) 9)
f’/el ,a>1

f(a)=§("+1)a#"a3, -1%$a$1 (10)
(#l a<#l

where z;j; isthedistributed representation after ¢ spinsin the network (thereisatota of p
spins per trial), / < 0.5 is the dopeof the transmission fundion, «a is the activation of a
botom-level unit, and W is the weight matrix pre-trained to encode the implicit
assodations usgng a contrastive Hebbian learning rule (Chatier & Proulx, 2005)

—n T T
Wi = "W +$(Z,-[o]z,-[o] #Zi[p]zi[p]) (11)

where Wy; is the weight matrix at trial z, 0 << "! 1isamemory efficiency paameter,

and n is a genegd learning parameter (for a demondration, see Chatier &

1
< —_—
2(1-20)r
Boukadoum 2006) Following Sun (2003, we assume tha each spin in the bottom level
takes roughly 350ms of psychological time.

Once the bottom-level processing is completed, the information is sent botom-up
usngthefollowing equaions If theinitial stimulusfirst activated theleft layer in thetop
level, the botom-up activationis tranamitted to therightlayer of thetop level:

y[bormm" up) = (FTNS)Zi[p] (12)

Where Ypsomom-up) 1S the bottom-up signd sent to the right layer in thetop level and z,) is
thebottom-level activation after p spins



Othewisg, if theinitia stimulusfirst activated therightlayer in thetop level, the
bottom-up activationis tranamitted to theleft layer:

X[bottom' up) = (ETN4)Zi[p] (13)

where Xjponom-up) 1S the bottom-up signd sent to the left layer in the top level. N3 and Ny
are thefollowing squae diagond matrices:

7 o 0

7]

N © [ 0
0 o | - (14)
Wl o o

N | O S — 0
0 o e

where F = {f}, f5, E, f.} andE = {ey, &, E, e} are the matrices linking the top and
bottom representations (see Eq. 5 and Eq 6). Like N2, the N3 and N4 matrices are
couning the nunber of non-zero elementsin each column of matricesF and E so tha if a
nodein the top level is assodated to 4 units in the botom level, its total activation is
divided by d**. The exponent, which is not present in top-level activation, was induded
to capture similarity-based reasoning (Sun, 2003.

Once the bottom-up activation has reached the top level, it is integrated with the
activation aready present uang the Max fundion. Hence, if theinitial stimulus activated
theleft layer of thetop level, the integrated activation vector is located in the right layer
of thetoplevel:

Vjs < .l =m: y[integrated]j = Max[(yii X y[bottom—up] j] (15)

where y[integmted] = {y[integmted]la y[integmtedJZaE ) y[integrated]m} is the |ntegrated activation
vector, y; = {yi, y2.E, v} is the top-level activation (Eq. 2), Yiorom-us) = {Vibottom-upit,



Vibottomup2:E + Viporomuplm} 1S the botomrup activation (Eq. 12), and # is a scaling
paameter tha determines how implicit the task is. Likewise, if the initial stimulus
activated theright layer in thetop level, the integrated activation vector is located in its
left layer:

" i 1# _| #n: X[mtegratee]j = Max[xij !$0/0X[bottorr&up] j] (16)

where X[integmted] = {x[integmted]la x[integrated]ZaEy x[integrated]n} is the |ntegrated activation
vector, X; = {xu1, xi2,E, x;,} isthetoplevel activation (Eq. 3), and X(porom-up) = { X[pottom-upits
X{pottom-up2sE. + X(porom-up)a} 1S the bottom-up activation (Eq. 13).

In al cases, the integrated activation vector is furthe trandormed into a
Boltzmann probability distribution:

e}'[ integrated i /O‘

P(y[imegrateqli) = Ee)’[integraxeqj/a ’ or

’ (17)

ex[lntegratec] i /a
P(X[ integratetjli) - W

J

where « is the temperature (randormess parameter). In CLARION-H@ NACS, each

Viintegrated)i AN €8CN X[inegrareayi rEPresents ahypohesis.

The statistical modeof the Boltzmann distribution is used to estimate the modd &
internd confidence level (ICL) and a hypotesis is stochastically chosen. If the ICL is
highe than a predetermined threshold (), the chosn hypothesis is output to motor
control; else, the reasoning process continues with the chosen hypotesis as the top-level
stimulus (Eq. 2 or Eq. 3) and z;,) as theresidud activation in the bottom level (Eq. 7 or

Eq. 8). If ahypothesisisoutput, thereaction time of themodd is computed asfollow:
RT=a" b#ICL (18)

where ¢ and b are the maximum response time and the doperespectively. Theagorthm
issummarized in Table 1.



Table 1. Algarithm of CLARION-H@NACS

1. Observe the current state of the environment (in the bottom level, and possibly
sendto thetopleve);
2. Simultaneoudy tranamit theoberved informationin both levels;
3. Compute theintegrated activation vector and the Boltzmann distribution;
4. Stochadticaly choose a hypothesis and estimate the /CL usng the mode of the
Boltzmann distribution:
a. If theICL ishighe than $, output thechosen hypotesis to motor control;
b. Elsg if thereistime, go back to step 2 and use the chosen hypothesis as
theinput
5. Compute thereaction time of the modd.

Mathematical propaties of weight matrices

This subection introdue theorems demondrating the propeties of Hebbian
learning used in the present modd to train matrices V, E, and F. All prodfs concerning
the convergence of the W matrix can befoundin Chartier & Proulx (2005 and Chartier
& Boukadoum(2006) they are notrepeated here.

All thetheorems bd ow use thefollowing notation and assume these condraints:

"LHIHK LHHK T S

”’ (19)
a, %{01", a'a =1 a'a; =0, b, %R"|b = o[, M %R™

where |[¥| is the Eudidean nom, A = {ai, az ¢, &} and B = {bs, b, ¢, bs} are the sets
containing the £ different activation patterns n " kisthedimengondity of a, m " kisthe
dimensiondity of b;, and M is a coeficient matrix. In words the following theorems
assume that the a;s are unit orthogoné binary vectors, and tha the lengths of all theb;s
are equd.

M is a regular Hebbian matrix built usng the outer matrix produd (Kohonen,
1972)

M=" b,a] (20)



where b, is assodated to a.
Theorem 1

For all vector sets and matrices tha meet the congraints expressed by Eqg. 19 and

Eq. 20, @orwardCprocessing is exact, i.€;
"L 1#i#k:Ma, =b, (21)
where b; is assodated to a;.

Proof

# &
Ma,=% b.a; (a,
$. '

=" bk(aZai) (22)

k
=b,(a’a)+hb,(aja)+..+b,(afa)
=h.

1

because a’a,= 1if andonly if i =/ and 0 othewise (by Eq. 19). ®

Explanaion

This theorem applies to forward processing in thetop level (throughtheV matrix; EQ. 2)
and top-down activation (throughthe E and F matrices; Eq. 7 and Eq. 8).

Theorem 2

For all vector sets and matrices tha meet the condraints expressed by Eq. 19 and Eq. 20,
GackwardOprocessing is propottiond to the correlation between the activation patern

and all thememorized paterns i.e:
"L THI#HK: MTbi$a10/glbi +ta, %, t.ta, R, (23)

where %denotes the correation.



1C

Proof
#, &
MTbi:% bkaz( bi
$. '
# &
=95 (a]) by (b,
$. '
=" a (bzbi) (24)

k

=" ablb/Cos() v,s.)

k

:||bi||2" akcos() bkbi)

k

*
Aty Tt Tt Aty p,

where «, , is the angle between b, and b;. Because g has a 1 in postion / and O

everywhere else, theactivation in the /th postion of theresulting vector is propationd to
the correlation between b; and b, (where b; is assodated to a by Eq. 20). This
smplification is possible because the lengths of all the b;s are equd and the as are
orthonomal binary vectors (Eg. 19). &

Explanaion

This theorem applies to bottom-up transmissionin the E" and FT matrices and ensures a
rudimentary type of smilarity-based reasoning (Eq. 12 and Eq. 13).

Lemma 1

For al matrices and vectors tha follow the condraints described by Eq. 19 and Eqg. 20,
exact ackwardCprocessing can be achieved by applying a smple squashing fundion:

5(MTb, Max[Mb]) =2, (25)

where & is assodated to b; and /(i, j) = {!(i1, ), ! (i, j), E, !(in, /)} is the Kronecker-
Deltafundion applied to each element of i.
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Proof

"(M"b, Max{M™b, ]| = "Z)bi||2$ a,Cod#,, | Max[MTbi];(f

_ "(||bi||zalcos[#blb‘ ] Max[MTbi]) +
(b aCod#, ,, | Max{Mb,]) + (26)

o+ (b2, Cog#,, | Max{M"b,))

Thislemmais a direct consequence of Theorem 2, because a Coane has amaximum at O
(i.e,, when theangleis null, when i = k). Hence, the ith term in the summationis a vector
with a 1 in postion / and O everywhere else (because a has a 1 in postion / and 0
everywhere else). All theremaining termsin the summation are null vectors (0), because
of the application of the Kronecker-Delta fundion. This equdity is made possible by Eq.
19, which enaures tha the a;s are orthonomal binary vectors and tha the lengths of al
theb;sareequds. B

Explanaion

This Lemma was not used in CLARION-H@ NACS but can be very useful in future
smulationsif the maximally activated nodeis to be chosen (ingead of usng stochastic
selectionin a Boltzmann distribution; see Eq. 17).

Lemma 2

For all vector sets and matrices that meet the congraints expressed by Eq. 19 and Eq. 20,
the addition of an orthonomality condraint on the vectors forming set B rendas
Mackwardprocessing exact, i.€:

V. :i=]jb'b =1bb,=0=M"b, =a, (27)

where g; isassodated to b,.
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Proof
".ji1# blb =Lbib, =08 M'b, =On, (bib))
k

=a,(b/b;)+a,(b)b;)+..+a,(bib) (28)

=a,

This lemma is a direct consequence of the newly introduced orthonomality condraint,

which ensure that binJ: 1if i =j and O otherwise (similar to Theorem 1). B

Explanaion

Lemma 2 applies to backward processing in thetop level throughthe V™ matrix (Eq. 3).
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